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Abstract. Let L be a positive definite even lattice of rank one and V£~ be the 
fixed points of the lattice VOA V L associated to L under an automorphism of Vl 
lifting the —1 isometry of L. A set of generators and the full automorphism group of 
V£ are determined. 



*> 1 Introduction 

O . The classification of rational vertex operator algebras is definitely one of the most 

important steps toward classification of rational conformal field theory. If the central 
t^- charge c < 1 there is a complete classification of the unitary representations of the 

Virasoro algebra [GKO], [FQS]. It turns out the associated Virasoro vertex operator 
algebras are the only rational VOAs such that the action of the Virasoro algebra 
is unitary [DMZ]. Moreover the vertex operator algebra associated the irreducible 
highest weight representations of the Virasoro algebra with central charge c is rational 
if and only if c = 1 — 6 ^~ g ^ for two coprime positive integers p,q > 1 [W]. 

It is natural to consider classifying the rational vertex operator algebras with 
c = 1. A lot of analysis has been done in the physics literature in this direction [G], 
[H], [DVVV], [K]. In particular, the partition functions of rational conformal field 
theories with c = 1 have been classified in [K] as proposed in [G] . 

If we hope to classify rational VOAs with c = 1, it is necessary to have a better 
understanding of the known rank 1 VOAs. This is exactly our goal in this paper. 
We study the lattice type vertex operator algebras with c = 1 and determine their 
automorphism groups. 
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The basic definitions for lattice VOAs are given in [B] and [FLM]. This VOA 
is denoted Vl, where L is an even integral lattice of finite rank. There is a family 
of automorphisms 9 of Vl, unique up to conjugacy, which interchanges the 1-spaces 
spanned by all e A and e~ A [DGH], Appendix D; these are the "lifts of minus the 
identity". We may arrange for such a lift to satisfy e A i— > e _A , for all A. Call this 
automorphism the "standard lift of minus the identity", and denote its fixed points 
on Vl by V£ ■ We call this fixed point VOA a symmetrized lattice VOA. For all 
rank one lattices, we determine the automorphism group and give sets of generators 
for the symmetrized lattice VOA. The analogous problem for lattice VOAs has been 
solved in [DN]. We use the term lattice type VOA for a lattice VOA or symmetrized 
lattice VOA. 

We may take any subgroup F of Aut(V) and consider the sub VOA of fixed points, 
V F (this VOA also has rank 1). The group Nq(F) acts as automorphisms of it and 
the kernel of this action contains F. In some cases, V F turns out to be a lattice VOA 
or a symmetrized lattice VOA. This is the case where V is a lattice VOA and F is 
an extension A : B, where A is a subgroup of the natural maximal torus associated 
to the lattice and B is a group of order 2 generated by an element of the torus 
normalizer acting as —1 on it. The rank 1 lattices of Section 2 occur this way within 
Vai, the lattice VOA for the Ai-lattice. The advantage of this viewpoint is that we 
can see automorphisms of the sub VOA which are not obvious from the definition. For 
example, the exceptional case n = 4 of Theorem 3.1 can be anticipated as follows. If 
we take F to be a four group in G := Aut(V^J = PSL(2, C), then F = Cg(F) and 
Ng(F) = Sym 4 and so we get an action of Nq{F)/F = Sym^ on V F = Vl, where 
L = 2L J s L1 . This action in fact is faithful; see details in Section 4. The automorphism 
results of this paper may be combined with [DN] to say that every finite subgroup F 
of Aut(V Al ) which is of "AD" type (cyclic or dihedral), N G (F)/F induces Aut(V F ) 
on V F , a pleasant situation. We are currently studying the "E type" examples, i.e., 
F = Alt 4 , Sym 4 , Alt 5 . 

The paper is organized as follows: In Section 2 we review the construction of lat- 
tice vertex operator algebras Vl associated to rank one lattice from [B] and [FLM]. 
We decompose V L into a direct sum of irreducible modules for the Virasoro alge- 
bra with central charge 1. Moreover, in the case that L is the root lattice of type 
A\ we prove that the g-invariants of Vl is isomorphic to the highest weight irre- 
ducible module L(l, 0) for the Virasoro algebra where q = sl(2, C) is the Lie algebra 
(Vi, I s * binary composition). We also apply a result in [DLM] to decompose Vl into 
irreducible modules for the pair (Virasoro algebra, g) . The main result in this sec- 
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tion is the determination of a set of generators for V£~ for an arbitrary even positive 
definite lattice of rank 1. Several results in Section 2 have already appeared in the 
physics paper [DVVV]. 

Sections 3 and 4 are devoted to the automorphism groups of V£ ■ The most difficult 
case is when L is generated by an element of square length 8. As discussed before, 
we identify V£ in this case with V][ whose automorphism group is relatively easy 
to determine by using knowledge of Lie algebra sl(2, C). Section 5 is an appendix on 
commutative nonassociative algebras of dimension n — \ with Sym n as automorphism 
group. This result is used in Section 4 to determine Aut(V^). 

2 Vertex operator algebras Vi 

In this section we first briefly review the construction of rank one lattice VOA from 
[FLM]. Let L be a rank one even positive definite lattice, t) — L <g) z C, and [> z the 
corresponding Heisenberg algebra; the bilinear form on L or f) is denoted (-,•)• Denote 
by M(l) the associated irreducible induced module for fj z such that the canonical 
central element of f) z acts as 1; it is identified with the "polynomial factor" in Vl- 
Let C[L] be the group algebra of L with a basis e a for a e L. Let f3 e f) such that 
= 1. It was proved in [B] and [FLM] that there is a linear map 

V L -> (EndV^^ 1 ]], 

v _> Y(v,z) = Y,v n z- n - 1 (v n £ End V L ) 

such that Vl = (Vl,Y,1,u) is a simple vertex operator algebra where 1 = 1 ® e° and 
^ = |/3(-l) 2 . 

Let # be an automorphism of L such that ^(ct) = —a; see Appendix D of [DGH]. 
We define an automorphism of Vl, denoted again by 9, such that 9{u®e a ) = 9(u)®e~ a 
for u G M(l) and a £ L. Here the action of 9 on M(l) is given by 9(f3(n\) ■ ■ ■ (3{nk)) = 
(— \) k j3{ni) ■ ■ -/3(nk)- The ^-invariants V£ of Vl form a simple vertex operator sub- 
algebra and the (— l)-eigenspace V£ is an irreducible V£ -module (see Theorem 2 of 
[DM2]). Clearly V L = V^ © V L . 

Remark 2.1 Clearly, there exists an even positive integer n such that L = L n := 
Iiyjnfl. If n — 2, Vi, affords the fundamental representation for the affine algebra 

It is well-known that both M(l) and V L are unitary representations for the Heisen- 
berg algebra and for the Virasoro algebra (see e.g. [KR]). We next discuss the decom- 
position of M(l) and Vl into irreducible modules for the Virasoro algebra. Let W 
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be a module for the Virasoro algebra with central charge c such that W = (B n ecW n 
where W n is the eigenspace for 1/(0) with eigenvalue n and is finite-dimensional. We 
define the g-graded dimension of W as 



dim, W = q~ c/M ( dim W n )q n . 

nee 



Denote by L(c, h) the unique irreducible highest weight module for the Virasoro 
algebra with central charge c G C and highest weight h e C. Then 



dim, L(l, h) 
(cf. [KR]) where 



_^_( g n 2 /4_ g (n + 2)V4 ); jf = 1^ n G 

~^~q) ( l h i otherwise. 



oo 



V(q) = IK 1 



71=1 



For a fixed even positive integer n, 

Vl„ = M{1) ® e m ^ 



mez 



is a decomposition of Vl„ into submodules for the Virasoro algebra. It is clear from 
the construction that dim 9 M(l) <g> e m ^ = (cf. [FLM]). Irreducibility of the 

module M(l) ® e m Vn(3 f or the Virasoro algebra depends on whether In is a perfect 
square (see e.g. [KR]). If 2n is not a perfect square and m^O then M(l) <g> e m ^ 
is irreducible and isomorphic to L(l, ^p) as they have the same graded dimension. 
Now we assume that 2n = Ak 2 for some nonnegative integer k. Then = (mk) 2 . 
We have 

n m 2 n/2 i 

^ = V" 1 / q (mk+p) 2 _ q(mk+p+l) 2 \ 

v(q) p? v(q) 

and accordingly, 

M{1) <g> e m ^ = L(l, (mife + pf). 

To summarize, we have 
Proposition 2.2 As modules for the Virasoro algebra 

M(l) = 0L(l,p 2 ) 

p>0 



V Ln = (0^(1,P 2 )]0(02L(1,^) 

U>>0 / \m>0 Z / 
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if 2n is not a perfect square, and 

V Ln = 0(2m + 1)L(1, {mk + pf) 

m>0 p=0 

if 2n = 4k 2 for some nonnegative integer k. 

Note that the lattice L n with n = 2k 2 is a sublattice of L 2 . We now restrict 
ourselves to the lattice L 2 . From Proposition [2.2| , we have the decomposition 

V L2 = 0(2m+l)L(l,m 2 ). (2.1) 

m>0 

Note that the weight one subspace (Vl 2 )i of Vl 2 forms a Lie algebra g isomorphic to 
s/(2,C). Thus, g acts on Vl 2 via vq for v G (Vl 2 )i where Vq G End{V) is defined by 
F(t>, z) = X)nez v n z ~ n ~ l - ^ is clear that q acts on as derivations in the sense that 
for d G g and v G Vl 2 

[d,Y(v,z)\ = Y(dv,z). 

The 0-invariants V[ 2 = {dG Vijjj-i; = 0} form a simple vertex operator algebra (see 
[DLM]). 

Let W m be the unique highest weight module for with highest weight m\ it has 
dimension m+ 1. Let V^ m be the sum of irreducible 0-submodule of Vl 2 isomorphic 
to W m , and (VL 2 )w m the space of highest weight vectors in V^ m . Then by Theorem 
2.8 and Corollary 2.9 of [DLM] or a similar result in [BT], as (V£ 2 , 0)-modules Vl 2 
has decomposition 

^ 2 = VZ 2m = (V L2 )w 2m O ^ 2m (2.2) 

m>0 m>0 

and (VL 2 )w 2m is an irreducible module for V£ . Moreover, (Vi 2 )vi/ 2fc and (VL 2 )w 2m are 
isomorphic if and only if fc = m. 

Remark 2.3 There was a mistake in Theorem 2.8 of [DLM]. The correct statement 
should be the following with the same notation as in [DLM]: There exists a set Q 
of weights containing the dominant weights in the root lattice of such that V x is 
non-zero if and only if A G Q, and V\ is an irreducible V^-module. Moreover, V\ and 
Vfj, are isomorphic V^-modules if, and only, if A = /i. In particular, V B is a simple 
vertex operator algebra. In this theorem, is a simple Lie algebra. 

We immediately have the following corollary of ( |2.1|) 
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Corollary 2.4 V" and L(1,0) are isomorphic VOAs and {VL 2 )w 2m ^ s isomorphic to 
L{l,m 2 ) as modules. 

Now we are in a position to determine a set of generators for vertex operator 
algebra M(l) + = M(l) fl by using (|2.1| ) and Corollary ^]4[ For this purpose 
we need a detailed description of the module W m . Let {x a , a, x_ a } be the Chevalley 
basis of g with bracket [a,a;± a ] = ±2x± a and [x Q ,x_ Q ] = a. For any weight module 
W for g, set W l := {w G W|mu = iw}, the weight space of with weight i for i G C. 
Then W m = W~ m © W~ m+2 © • ■ ■ W 7 "™" 2 © W™. Since W m is a unitary representation 
of SU(2) there is a hermitian form (-, ■) on W m such that W m has an orthonormal 
basis {w m; i\i = —m, — m + 2, ...,m — 2,m} and u> m>i is a weight vector for g with 
weight i. 

Let m > n. The following tensor product decomposition is well-known: 

W m © W n = W m _ n © W m _ n+2 © ■ ■ ■ © W m+n _ 2 © W m+n . (2.3) 

It is clear that there is a hermitian form (-, ■) on W m © W n such that {w mjS © w n j} 
forms an orthogonal basis and the union of the standard bases of Wi also forms an 
orthogonal basis. 

Lemma 2.5 If both m and n are even, m > n, and 

Wmfl © »n,0 = 2^ C 000 W i,0 

m— n<i<m+n,iS2Z 

then c^™ = (w m ,o © iu n ,o, w i,o) nonzero if and only if | + — + | zs ei>en. 

Proof. The constants c™^ 1 are essentially the SU(2) Clebsh-Gordan coefficients. 
For example, one can find this result in Section 3.7 of [E]. □ 

Now consider the g-submodule U2m inside Vl 2 generated by e mv/2/3 which is a 
highest weight vector for q with highest weight 2m. Then Ui m is isomorphic to Wi m 
as g-modules. Denote the corresponding basis by {u2 m ,j\j = —2m, —2m + 2, 2m — 
2, 2m}. For convenience set u m = W2m,o- Then u m necessarily lies in M(l) fl (VL 2 )m 2 - 
Since e mv/2/3 is a highest weight vector for the Virasoro algebra, and the actions of 
Virasoro algebra and of q commute on Vl 2 we see that Uim is a space of highest 
weight vectors for the Virasoro algebra with highest weight m 2 . Thus u m generates 
the irreducible highest weight module isomorphic to L(l, m 2 ) for the Virasoro algebra 
in M(l). We will also use the notation L(l, m 2 ) for the submodule generated by u m . 
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Lemma 2.6 For m > n > 0, the submodule of M(l) generated by the coefficients 
Y(u m , z)u n for the Virasoro algebra is exactly L(l, (m — n) 2 ) © L(l, (m — n + 2) 2 ) © 
• • • © (m + 7i - 2) 2 ) © L(l, (m + n) 2 ). 



Proof. Using ( |2.2|) - ([2.3|) and Lemma ^75] shows that the submodule of M(l) 



generated by the coefficients Y(u m , z)u n for the Virasoro algebra is contained in 
L(l, (m - n) 2 ) © L(l, (m-n + 2) 2 ) © ■ ■ • © L(l, (m + n - 2) 2 ) © L(l, (m + n) 2 ). Since 
L(l,p 2 ) and L(l,g 2 ) are inequivelent irreducible modules for the Virasoro algebra if 
< p < q it is enough to show that for any nonnegative integer i congruent tom + n 
modulo 2 with m — n < i < m + n there exists some fcez such that the projection 
of (u m )k{u n ) into L(l,i 2 ) is nonzero. 

This was essentially proved in Lemma 3.1 and Theorem 2 of [DM2]. Although 
the arguments in [DM2] were for finite groups, they also work for Lie algebras. 
Thus, for any i with m — n < i < m + n and m + n + i even, there exists p 6 Z 
such that the span U^ in of {u2m,s) P U2n,t for s = —2m, —2m + 2, 2m — 2, 2m and 



t = —2n,—2n + 2, ...,2n — 2,2n contains a copy W of W^. By Lemma |2.5| , the 
projection of (u m ) p (u n ) into is nonzero. Clearly the image of the projection is in 
L(l,z 2 ). □ 

Now we define a linear isomorphism 9' on M(l) such that acts on L(l,m 2 ) as 
( — l) m . Then Lemma |2.6| implies that 6' in fact is a VOA automorphism of M(l) of 
order 2. Since acts on weight one space as —1 and M(l) is generated by M(l)x we 
see immediately that 0' is exactly the the restriction of the automorphism 9 of Vl. 

Theorem 2.7 (1) We have decompositions 

M(l)+ = L(l,4m 2 ), M(l)" = L(l, (2m + l) 2 ). 

m>0 m>0 

M(l) + is generated by u" 2 and u> for any even positive integer n. 



The theorem is an immediate consequence of Lemma 2.6 and Proposition 2.2 



Corollary 2.8 L(1,0) is the only proper vertex operator subalgebra of M(l) 



+ 



Proof. Let W be a subalgebra of M(l) + , which necessarily contain L(l, 0) 
as uj is an invariant for any automorphism and L(l, 0) is generated by cu. If is 
strictly greater than L(1,0) then W contains at least one L(l,n 2 ) for some n > 0. 
By Theorem |2]7] L(l,n 2 ) generates M(l) + . This shows W is equal to M(l) + . □ 
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Now we turn our attention to V£ ■ Consider V z := V^g which is a completely 
reducible module for M(l) : 



7 Z = M(l) ® e m/3 

m62 



where each M(l) (g> e m/3 is an irreducible M(l)-module. We can define 9 on V z as 
before so that 9e m ^ = e~ m ^ and the action on M(l) is the same. For each ^-stable 
subspace W of V% we define to be the eigenspaces with eigenvalues ±1. Then 

(M{1) <g> e 13 ™ + M{1) ® e" m/3 ) + = M(l)+ ® (e m/3 + e" m/3 ) + M(l)~ <g> (e m/3 - e" m/3 ). 

Following [DM1] we define a new M(l)-module o M(l) eg) e m/3 which has the 
same underlying space M(l) <8> e m/3 with vertex operators F(0tt, z) for w £ -W(l). It is 
easy to see that 9 o Mil) <S> e mf3 and M (1) £g> e _m/3 are nonisomorphic M(l)-modules. 
It follows from Theorem 6.1 of [DM2] that M(l) ®e m/3 , M(l) <g>e- m/3 are isomorphic 
and irreducible M(l) + -modules. In particular, they are isomorphic L(l, 0)-modules. 

From the discussion above we see that 



VL = M(1) + ® (<§>(KT) (2-4) 

\m>l / 

where 

(V£j m = (M(l) ® e m ^ + M(l) <g> e" m ^) + 



= M(l)+ ® (e m ^ + e - m ^P) + M(l) - ® (e" 1 ^ 3 - e'" 1 ^ 13 ). 

Set e n := + e - *^. 

Theorem 2.9 V^ 2 is generated by u 4 , e n and u. 

Proof. We prove by induction on m that {V^ ) m can be generated from w 4 , 
e n and u. The case m = was proved in Theorem |2j]. Now we assume m > 0. By 
induction assumption, e ( m - 1 )v / 2n/3_|_ e -(m-i) v / 2n/3 can generated. Then the coefficient 
of i n 

F(e n , z)(e^ m ~ 1 " >y ^ f3 + e ~( m ~ 1 ) v/ ^ 3 ) 
is e m^ + + ^ where v ^ in £ fc<m (V^ ) fc . Thus e" 1 ^ + e" m ^ can be 

generated. Since (V / ^ n ) m is an irreducible M(l) + -module, the result follows. □ 



The following Lemma will be needed in the proof of Theorem 3.1 
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Lemma 2.10 Assume that An is not a perfect square. Then (V^ ) m is an irreducible 
L(1,0) -module isomorphic to L(l,nm 2 ). Moreover, we have the following decomposi- 
tion 

(V L2n ) + = (®L(1, V) ] ( L(l,m 2 n)) 

\p>0 / \m>0 / 

Proof. By the discussion before Proposition |2.2| we see that both M(l) (g> e mv/2 ™' 3 
and M(l) <S> e~ mv/ ^™' 3 are irreducible 0)-module isomorphic to L(l,m 2 n). Note 
that 9 : M(l) ® e m ^ -> M(l) <g> e"" 1 ^^ is an L(l, 0)-module isomorphism. Thus 

(V£j m = {v + 6(v)\v G M{1) g> e" 1 ^} 

is also isomorphic to L(l, m 2 n). The decomposition of (Vi, 2n ) + into irreducible L(l, 0)- 
modules now follows from Theorem |2.7| and equation Q2.4j) immediately. □ 



3 Automorphism groups of Vjj 

The main result of this paper is the following. 

Theorem 3.1 The full automorphism group ofV^ 2n is isomorphic to Z 2 if n > 4 or 
n = 3, n = 2; /or n = 1, it is a semidirect product T(9), where T is a rank 1 torus 
and 6 acts onT as —1; for n = 4, it is isomorphic to Sym 3 . 

We now discuss the proof. All cases except n = 4 will be treated here, and the 
case n = 4 will be established in Section 4. 

By Theorem |2.9| Vjj is generated by w 4 and e n as modules for the Virasoro 
algebra. Since any automorphism a acts on L(l, 0) trivially, we need to determine 
only the images cr(w 4 ) and cr(e n ). 

First we discuss the cases n > 4, n = 2 or n = 3. In the cases n > 4, the space 
of highest weight vectors for the Virasoro algebra in {V^ 2n )^ is one-dimensional and 
spanned by w 4 . In the cases n = 2 or 3, since 4n is not a perfect square we see from 
Lemma |2.10 that u A is the unique highest weight vectors for the Virasoro algebra in 



(Vl )a up to a scalar multiple. Thus c(u A ) = cu A for some constant c. By Lemma 
[2~T6] we see that c 2 = c, whence c = 1. This shows that the restriction of a to M(l) + 
is the identity. 

In order to determine o~(e n ) we recall from Section 2 that e n G (V^) 1 and (V£ l ^ n ) 1 
is an irreducible M(l) + -module. Since (V^ n ) p and iy^ 2n ) q are inequivelent irreducible 
M(l) + -modules (the lowest weight vectors in these two spaces have different weights) 
if p < q and the space of the lowest weight vectors in (V 7 ^) 1 is one dimensional and 
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spanned by e n we see immediately that <r(e n ) = de n for a scalar d. Note that the 

coefficient of z~ 2n in Y(e n ,z)e n is 21. Thus d = ±1. If d = 1, a is the identity. If 

_§_ 

d — — 1 the a is the the restriction of automorphism (— ljv^ Q f to V^ n - Here 
for any x G C/3 we define the operator e mx on Vl 2 „ by 

e^iuQe?) = e 7ri{x '®(u®e 13 ). 

Then e 7 ™ 21 is an automorphism of V L2n (see [DM1]). This finishes the proof of Theorem 
in the case that n > 2. 

Now we deal with the case n = 1. In this case Vl 2 is the fundamental module for 
the affine Lie algebra We define := x a + X- a and x~ := x a — X- a . Then 
we have [a^,^] = — 2a and for any scalar c, [a, cx+] = 2cx~ and [a, cx~] = 2cx+. 
Consider x+ as a generator for a Cartan subalgebra. Then x~ and a span the 
sum of its root spaces. The automorphism can be realized as e l7T ( x ih/2, Thus V£ 2 
is isomorphic to the lattice VOA Vl 8 - So our problem reduces to determining the 
automorphism group of Vl s - 

The automorphism group for arbitrary lattice VOA has been determined in [DN]. 
But in the rank one case, it is very easy to write down the automorphism group 
directly, and we do so as follows. 

For c 6 C x we define a linear map a c on Vl 8 by <j c (u <E> e na ) = c n (u <E> e na ) for 
u G M(l) and n G Z. It is a straightforward verification to show that a c is indeed an 
automorphism of Vl s - Since 6 inverts each a c under conjugation, we get a subgroup 
of Aut(Vt, 8 ) isomorphic to the semidirect product C x : 2. 

Let a be an automorphism of V Ls . Then a(3(—l) —cf3{—\) as (Vl 8 )i is one- 
dimensional and spanned by (3{— 1). But cu = — l) 2 is an invariant we see that 
c = ±1. If c = — 1, we can multiply a by ^. So we can assume that c = 1. As a result 
we have ofi{fS)o~ l = /3(0). Thus cre a = rfe Q for a nonzero constant d G C. It is clear 
then that ae na = d n e na . Thus a = o^. This completes the proof in the case n — 1. 

Remark 3.2 In the case n = 2 vertex operator algebra (Vl 4 ) + is isomorphic to 
L(l/2,0) <E> L(l/2,0) (see Lemma 3.1 of [DGH]). One can easily see that the auto- 
morphism group of 1/(1/2, O) ™ is the symmetric group Sym n for any n > 0. 

In the next section we will determine the automorphism group of . 

4 Aut(VQ 

The proof in the case n = 4 is more complicated and involves (Vl 2 )i, which is a Lie 
algebra via the product a b. We denote it by g; q = sl(2, C). 
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We begin with a description of Sym^ as a group of automorphisms of the Lie 
algebra g. We use the usual Chevalley basis a, x a , x_ a , which, as elements of V\ < V 
are a(-l) <g> e°, 1 <g> e a , 1 ® 

We define := x Q ± and x~ := x a — x± a . Then we have = —2a 

and for any scalar c, [a, cx+] = 2cx~ and [a, cx~] = 2cx+- 

Define yi := a,y 2 := x^,y 3 := Then for all j, [y j7 y j+1 \ = y j+2 (indices read 
modulo 3). 

We have the double basis T> := {±yi, ±y 2 , ±1/3}- Its stabilizer in Aut(g) is a finite 
group S = Sym^; the kernel in 5 of its action on the three 1-spaces spanned by 
elements of V is E :— 2 (S), and S induces the full symmetric group on this set of 
three 1-spaces. 

The group E consists of all evenly many sign changes at the three 1-spaces. Define 
Tj as the element of E which takes yj to itself and negates the other y k . Define, for 
each index j, the two maps Uj and a'- by 

a i '■ Vj ^ Vk^Ve^ Vk if {j, k, £} = {1, 2, 3}. 

and 

a 'j '■ Vi -Vi for k = 3\ Vk^ Ve and y e ^ -y k if {j, k, £} = {1, 2, 3}. 

Then, crj = UjTj = TjCTj, for all j. Also, cr fc £^ maps y k ^ y^ -y m and cr fc cr^cr fe = cr^, 
for {k, I, m} = {1, 2, 3}. It follows that T := (a k , a e , a' m ) = Sym 3 and T complements 
E in 5. 

As pointed out in the introduction, V£ = V^ 2 - So, by Theorem 2.9, we need 
to determine the action of S/E = Sym A on (V^) 4 . One can use Proposition 3.3 of 
[DM2] to see that different subgroups of S/E give different subspaces of fixed points 
of (V^) 4 . Thus the action of S/E on (Vj^) 4 is faithful. Here we give a direct proof 
of this assertion. 

Let V := Vl 8 . Then dim(Vo), dim(Vi), ... is 1, 0, 1, 4, The elements 

a(-l)a(-3), a(-2) 2 , a(-l) 4 , e 2 ° + e" 2 " 

span V4. 

Now to do some calculations. We need some minimal information about the 
action of certain elements of S on V4. Take a := a 2 , which negates e a — e~ a and 
interchanges a and e a + e~ a . So, F(a(a(-1)), s)l = F(e° + e~ Q , 2)1. 
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We want to show that 0\ and a act differently on V4. Clearly, o\ inverts a and 
so fixes all the polynomial terms in the above spanning set. On the other hand, the 
coefficient of z 4 in Y(a, z)l (which is "all polynomial") goes under a to the coefficient 
of z 4 in Y(e a + e~ a ,z)l. The latter coefficient has nontrivial contributions at the 
standard basis elements e 2a and e~~ 2a of V Ls , whence a does not leave the degree 
4 polynomial terms fixed, as a x does. This proves that these two involutions act 
differently on V4. We conclude that S/E = Sym 3 acts faithfully on V4. 

Next, we need a calculation to prove that (a(— 3)a(— 1)) 3 (q;(— 3)a(— 1)) = 
72a(-3)a(-l). 

We need the coefficient at z~ 4 of F(a(— 3)a(— 1), z)(a(— 3)a(— 1)). The vertex 
operator is given by : [^j^a(z)}a(z) :, where a(z): = Y^ n Oi{n)z~ n ~ 1 [FLM], (8.5.5). 

We compute |^ck(<2) = J2 n ("t^"^)- 2 "™ -3 ' wnence 



Y(a(-3)a(-l),z 

E 




l + 2 \a{i)a{j)+ [t )®Uh(i) 

/ i,j:i+j=m,i>j \ / 



z- m - 4 . 



When m = i + j = and the only summands which have nonzero value on 
a(—3)a(—l) are those with = (—3, 3), (—1, 1), (1, —1), (3, —3). Since (a, a) = 2 
and (~ 3 ) = 1, (l^j = 1, =0 and = 2, the standard commutator relations 
[h(m), h'(n)] = m(h, h')8 m+nt0 imply that the coefficient of z~ 4 is 72a(— 3)a(— 1). 

The irreducible modules for Sym 3 are indicated by their dimensions 1, 1', 2, where 
1 is the trivial character and 1' is the sign representation. Tensor behavior includes 
these rules: 2(8)2 = 2 + 1 + 1' and if the tensor of two irreducible contains 2, then 
one of the factors is 2. 

This information implies that the pairing p : V4 x V4 — > V4 given by the coefficient 
at z~ 4 has the following property: there is a decomposition V4 = H © J, where J is 
the 2-dimensional subspace spanned by L(— 2) 2 , L(— 4) and if is the unique nontrivial 
irreducible S'-submodule in V4; J is a trivial module for Aut(V). 

We argue that if is invariant under Aut(V). First, H contains a highest weight 
vector e 2a +e~ 2a for the Virasoro element. From irreducibility of S and its commuting 
with the Virasoro element, H consists of highest weight vectors. Note that J C 
L(l, 0) does not contain any highest weight vector. Since V4 = HQ) J, we immediately 
see that H is the space of highest weight vectors, which clearly is invariant under 
Aut(V). 
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The pairing p gives a nontrivial product on H by (x, y) \— > qp{x,y), where 
q is the projection of V4 = H @ J to H. Nontriviality of follows from 
(a(-3)a(-l)) 3 (a(-3)a(-l)) = 72a(-3)a(-l) and the fact that g(a(-3)a(-l)) ^ 
(because a(— 3)a(— 1) is moved by cr) 

Now, we use the fact that the (unique up to scalar) S^r^-invariant algebra struc- 
ture on H has automorphism group isomorphic to Sym 3 (see Appendix) to get that 
Aut(V) = Sym 3 , by restriction to Aut(H,p). 

5 Appendix. Noncommutative algebras of di- 
mension ri—1 with Sym n as automorphism group. 

Theorem 5.1 If M is the n — 1- dimensional irreducible part of the standard degree 
n permutation module for Sym n , M has a unique (up to scalar multiplication) com- 
mutative algebra structure. It is nonassociative and its automorphism group is just 
Sym n by the given action. 

The original proof of its automorphism group (RLG, 1977; unpublished preprint) 
amounted to showing that the set of idempotents e G M such that ad(e) : x 1— > xe 
has eigenvalues 1 once and with multiplicity n — 2 is just an n-set which spans 
M. 

Here is a new proof. Let (M, *) be the above algebra, invariant under Sym n . 
The character theory of this irreducible and its low degree tensors says that an 
invariant nonzero commutative algebra structure is essentially unique. Here is one 
way to realize it. Let P be the permutation module on basis and make P a 
direct sum of fields with indecomposable idempotents e^. This associative algebra has 
automorphism group isomorphic to Sym n , seen by its action on the indecomposable 
idempotents. We get the submodule M as the annihilator of 1 = J2i e» with respect 
to the form with orthonormal basis ef, this form is invariant under the automorphism 
group since it may be realized as (a, b) 1— > tr(adp(a)adp(b)). We get a commutative 
algebra structure on M by using the given product on P, then orthogonally projecting 
the result to M. This product in M is nonzero for n > 2 since e\ — e\ — e$ G M 
has product in P which is not a multiple of 1 = J2i e i- 

The product on P = M © K.l is a map P ® P — > P which may be expressed 
as a linear combination of these maps: the natural identifications K <g> K = K and 
K M = M, the product * on M, and the map M x M K which sends to 
f(x,y)l, where / is the invariant inner product. All such maps are invariant under 
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Aut(M, *), so Aut(M, *) preserves the given algebra structure on P. At once, we get 
Aut(M, *) = Sym n . 

References 

[B] R. E. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, 
Proc. Natl. Acad. Sci. USA 83 (1986), 3068-3071. 

[DVVV] R. Dijkgraaf, C. Vafa, E. Verlinde and H. Verlinde, The operator algebra 
of orbifold models, Comm. Math. Phys. 123 (1989), 485-526. 

[DGH] C. Dong, R. L. Griess Jr. and Gerald Holm, Framed vertex operator al- 
gebras, codes and the moonshine module, Comm. Math. Phys. to appear, 
P^g/9707008 . 

[DLM] C. Dong, H. Li and G. Mason, Compact automorphism groups of vertex 
operator algebras, International Math. Research Notices 18 (1996), 913- 
921. 

[DM1] C. Dong and G. Mason, Nonabelian orbifolds and boson-fermion correspon- 
dence, Comm. Math. Phys. 163 (1994), 523-559. 

[DM2] C. Dong and G. Mason, On quantum Galois theory, Duke Math. J. 86 
(1997), 305-321. 

[DMZ] C. Dong, G. Mason and Y. Zhu, Discrete series of the Virasoro algebra and 
the moonshine module, Proc. Symp. Pure. Math., American Math. Soc. 56 
II (1994), 295-316. 

[DN] C. Dong and K. Nagamoto, Automorphism groups of lattice vertex algebras, 
preprint. 

[E] A. R. Edmonds, Angular Momentum in Quantum Mechanics, Investigation 
in Phys. 4, Princeton University Press, 1968. 

[FLM] I. B. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and 
the Monster, Pure and Applied Math., Vol. 134, Academic Press, 1988. 

[FQS] D. Friedan, Z. Qiu and S. Shenker, Details of the non-unitarity proof for 
highest weight representations of Virasoro Algebra, Comm. Math. Phys. 
107 (1986), 535-542. 



14 



P. Ginsparg, Curiosities at c = 1, Nucl. Phys. 295 (1988), 153-170. 



[GKO] P. Goddard, A. Kent and D. Olive, Unitary representations of the Virasoro 
Algebra and super- Virasoro algebras Comm. Math. Phys. 103 (1986), 105- 
119. 

[H] G. Harris, SU(2) current algebra orbifolds of the Gaussian model, Nucl. 
Phys. 300 (1988), 588-610. 

[KR] V. Kac and A. Raina, Bombay lectures on highest weight representations, 
World Sci., Singapore, 1987. 

[K] E. Kiritsis, Proof of the completeness of the classification of rational confor- 
mal field theories with c = 1, Phys. Lett. B217 (1989), 427-430. 

[W] W. Wang, Rationality of Virasoro vertex operator algebras, Duke Math. J. 
IMRN, 71, (1993), 197-211. 

Department of Mathematics, University of California, Santa Cruz, CA 95064 USA. 
Email address: dong@cats.ucsc.edu (CD.) 

Department of Mathematics, University of Michigan, Ann Arbor, MI 48109-1109 
USA. Email Address: rlg@math.lsa.umich.edu (R.L.G.) 



15 



